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Name the Most Common 
Answers
(Ryan & McCrae, 2005)

I) 0.3 x 0.24
a) 0.072    
b) 0.08    
c) 0.72    
d) 0.8    
e) 7.2
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I) 0.3 x 0.24
Response Inferred Misconception Frequency
a) 0.072 CORRECT 36.1%

b) 0.08 0.3 is one-third or the 
decimal implies division

3.5%

c) 0.72 3x24 and adjust to 2 decimal 
places

41.1%

d) 0.8 0.3 is one-third or a decimal 
implies division and adjust to 
1 decimal place

2.8%

e) 7.2 0.3 x 0.24 = 3 x 2.4 15.3%

OMITTED 1.4%
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Remediation based on the error 
patterns of 0.3 x 0.24
• How could we teach based on the common 

error patterns?
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X 0.2 0.04

0.3 0.06 0.012

0.06 + 0.012 = 0.072

Name the Most Common Answers
(Ryan & McCrae, 2005)

II) 912 + 4/100 in decimal form
a) 912.4    
b) 912.04    
c) 912.004    
d) 912.25    
e) 912.025
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II) 912 + 4/100 in decimal form
Response Inferred Misconception Frequency
a) 912.4 Hundredths is first decimal 

place
3.5%

b) 912.04 CORRECT 76.3%

c) 912.004 Onesths; Tenths, 
Hundredths

12.2%

d) 912.25 4/100 is ¼ or 100÷4 
=1/25=0.25

6.0%

e) 912.025 100÷4=25 and onesths, 
tenths, and hundredths

1.6%

OMITTED 0.7%
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Remediation based on the error 
patterns for place value
• How could we teach based on the common 

error patterns?

Teach place value with see-says and race to 1.
© Witzel, 2018 7

Ones Tenths Hundredths

Name the Most Common Answers
(Ryan & McCrae, 2005)

III) 300.62 ÷ 100
a) 30062
b) 30.062    
c) 30.62    
d) 3.0062    
e) 3.62
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III) 300.62 ÷ 100
Response Misconception Frequency
a) 30062 Move the decimal point 2 

places to the right
0%

b)   30.062 Move the decimal point 1 
place to the left

6.4%

c)   30.62 Cancel the zero 2.6%

d)   3.0062 CORRECT 68.8%

e) 3.62 Integer-decimal
separation or cancel 2 
zeros

22.0%

OMITTED 0%
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Remediation based on the error 
patterns of 300.62 ÷ 100
• How could we teach based on the common 

error patterns?

0 100 200 300
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Help students visualize how many 100s go into 300.62?

Warning!
Those errors were not made by P-12 students.

They were made by teacher candidates.

11

“You can’t tell what you have taught 
until students provide you feedback 

on the information.” 
-BW



Witzel: Formative Assess 6-12 5

Students and Assessment
For Students who Struggle with Math,

What is the purpose of assessment?

Medium to High Impact Strategies 
for School Improvement (Hattie, 2012)
• Explicit Vocabulary Instruction 
• Feedback and Formative Assessment 
• Modeling and Guided Practice 
• Multiple Means of Representation 
• Questioning Techniques 
• Setting Objectives and Learning 
• Summarizing 

Formative Assessment Process
• Share Goals: Be explicit about what you want 

students to learn and understand;
• Collect Evidence:  Develop systematic strategies 

for gathering evidence of student learning in 
relationship to goals;

• Interpret Evidence: Interpret student work to 
identify areas of progress and need; and

• Communicate: Provide descriptive feedback about 
the student work. Work with students to reflect on 
their progress.

• Decide Next Steps: Determine next steps for 
instruction based on research-based 
strategies/resources, and take action.
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What is Common Formative 
Assessment (CFA)? (Ainsworth, 2006)
1. Periodic assessments developed by course-

level teachers
2. Used to determine student growth and predict 

summative assessments
3. Aligned with focus standards or big ideas
4. Format matches district and state 

assessments
5. Informs instructional and curricular changes 

Pillars of Mathematics Proficiency

NRC, 2001

Assessments Must Capture Your Framework

Student Self-Monitoring (PaTTAN, 2015)
Mathematics

(alphabetized; there is no order of importance taken 

from NRC, 2001)

Goal Emerging and 

Developing

Beginning

Adaptive Reasoning

- The capacity for logical thought, reflection, 

explanation, and justification (NRC, 2001)

Conceptual Understanding

- an integrated and functional grasp of mathematical 

ideas. Students with conceptual understanding 

know more than isolated facts and methods (NRC, 

2001)

Procedural Facility

- the skill in carrying out procedures flexibly, 

accurately, efficiently, and appropriately (NRC, 

2001)

Productive Disposition

- the inclination to see mathematics as sensible, 

useful, and worthwhile, coupled with a belief in 

diligence and one’s own efficacy (NRC, 2001)

Strategic Competence

- the ability to formulate, represent, and solve 

mathematical problems (NRC, 2001)

See Handout
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Rubric Approach for Conceptual 
Understanding

Your Turn
• What benefits would rubrics have in your 

classroom?
• How could rubrics be used?

Which one of these levels reveals 
the highest achiever?
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Redefining Conceptual Models of 
Student Understanding: SOLO
“Comparing several strategies at once can overwhelm 
students who are trying to learn many new concepts at one 
time” (Star et al., 2015).

SOLO Relational Multistructural Unistructural Prestructural

Combined 
Conceptual 
and 
Procedural 

I understand and can 
use multiple ways to 
solving this problem 
and I understand the 

similarity between 
the different 
approaches

I understand and 
can use multiple 
ways to solving 

this problem but 
don’t see how 

they are related

I understand 
and can use 

one approach 
to solve this 

problem

I cannot 
solve this 
problem

Stages of Learning in SOLO
• Prestructural – Student cannot solve the problem

• Unistructural – Student can solve the problem one 
way

• Multistructural – Student can solve the problem 
more than one way but they are viewed are 
separate unrelated methods

• Relational – Student can solve the problem more 
than one way and understands the methods are 
related

• Extended Abstract – Student uses knowledge 
from the multiple related methods and creates 
a new strategy

Teach students to connect & 
compare strategies
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Application
• How could you apply the SOLO approach to 

your classes?

• How might you differentiate student work and 
expectations according to SOLO? 

• How could SOLO affect your formative 
assessments?

Why Do Students Struggle (IRIS Center)

NonStrategic Learners
• Exhibit poor working memory - a contributing factor to failure for 

52% of all students struggling in math (Gathercole, Pickering, Knight, & Stegmann, 
2004).

• Struggle with attention – which can predict later math development 
(Geary et al., 2011)

• Lack persistence to solve longer problems 
• Lack of strategic approaches to mathematics
• Display disorganization, impulsivity and are unaware of where to 

begin an assignment 
• Are unaware of possible steps to break the problem into a 

manageable task, possibly due to the magnitude of the task 
• Experience feelings of frustration, failure, or anxiety 
• Attribute failure to uncontrollable factors (e.g., luck, teacher's 

instructional style)

Teaching in chunks
to aid working memory

• Students with average to below-average 
working memory should learn in chunks of no 
more than 3 items to be memorized

• Each chunk should be 
• Presented
• Explained
• and Practiced by student
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chunking steps
1. Select a math standard that requires multiple steps and 

points of reasoning
2. List the steps and points of reasoning that are required 

to show mastery
3. Check the list to determine if some things may already 

be memorized
4. Group the remaining list into threes: chunk
5. Model at least one full problem
6. Pretest and present the previously memorized things 

first
7. Teach to mastery each chunk by allowing sufficient 

practice before moving on to the next chunk
8. Have students complete several full problems once the 

last chunk is mastered

chunking example

• !
"# =

"%
&%

• (&%)!"# = "%(&%)
&%

• (&%)!"# = "%

• (&%)!("#)"# = "%("#)

• (&%)! = )%%

• (&%)!&% =
)%%
&%

• 1+ = 3

Use proportional 
relationships to solve 
problems and 
explain Cross 
Multiplication

chunking example
7.RP.3. Use proportional relationships to solve problems. !
"# =

"%
&%

1. Determine if there are two proportions equated to each other.
2. Analyze the multiplicative relationships between the numerators 

and denominators of the proportions.
If a multiple is not easily recognized, 
3. then multiply the denominator of the first fraction by the 

numerator of each fraction.
4. Next, multiply the denominator of the second fraction by the 

numerator of each fraction.
5. To isolate the variable, divide both sides by the coefficient

Pretest and 
present

chunk

chunk
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Task Analysis 
Proportional Relationships Example

Student Determine if 
proportions 
are related

Multiply 
the denom
of the first 
fraction

Multiply the 
denom of the 
second 
fraction

Divide by 
the 
coefficient 

Answer

1

2

3

4

5

6

chunking example
Synthetic division to determine the quotient and 
remainder

(3x5 – 4x4 – 5x3 + 0x2 – 8x + 25) ÷ (x – 2) 
3 - 4  - 5      +  0     - 8    + 25 2

6 +  4      - 2     - 4  - 24
3 + 2    - 1   - 2     - 12  +  1

Quotient = 
3x4 + 2x3 – 1x2 - 2x – 12, remainder of 1 or !

"#$

Coefficients of 
the dividends

Divisor sign 
changes 
because we are 
solving for x

3 minus 0 
equals 3, 
times 2 
equals +6

chunking example
Synthetic division to determine the quotient and remainder

Ex. (3x5 – 4x4 – 5x3 + 0x2 – 8x + 25) ÷ (x – 2) 

1. Set-up the problem by writing down the second term of the divisor.

2. Set up the division problem by representing coefficients of the dividend in 
descending order per the factor

3. There is nothing to subtract so the first coefficient drops down

4. Multiply the divisor term by the new coefficient

5. The answer goes on the second line under the second term

6. Add the coefficient from the matching place value

7. Repeat steps 4-6 for the remaining coefficients

8. Interpret the answer from right to left, the rightmost quotient is the remainder

9. Each quotient moving to the right is the coefficient with terms x, x2,etc 

Pretest and 
present

chunk

chunk

chunk

chunk
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Task Analysis 
Synthetic Division Example

Student
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Sample strategies
Solving 

Equations
Identify the 

variables
Set up equations 
Organize to 

balance
Let equations 

begin
Add variable side 

of equal sign
Total other side
Evaluate and 

check answer

Quadratic
Find out if the formula is 
quadratic
Accurately compute to 
equal the whole number
Compute the same 
numbers to equal the 
coefficient
The parentheses come 
next
Order what’s in the 
parentheses
Recheck the answer

Slope-Intercept
Recognize and 
reorder the formula 
Identify the slope and 
intercept
Set up the intercept
Evaluate the slope
Rise over run 
Use the dots to make 
a line
Need to check your 
answer

Which algorithms can you turn into a 

mnemonic?

Your Turn
Choose a math topic that requires additional 
focus
1) List the most efficient and accurate steps
2) What steps comes from previously taught 

material? – pretest those
3) Group the remaining steps according to 

student memory expectations.
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Example: Class data – per student
Content: Division of Fractions
Intervention group of 6

• 3 students lack multiplication/division computation 
accuracy (Bobby, Carl, Devon)

• 1 student lacks all computation accuracy and 
misaligns problems (Abbigail)

• 2 students lack basic understanding of fractions and 
computational accuracy (Erik, Francine)
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Common steps for Division of fractions

a) Reorganize division problem
!
"#
$

b) Use reciprocal of denominator (divisor)
!
"#
$ (

$
#)

c) Multiply numerator and denominator (Identity)
!
" (

$
#)#

$ (
$
#)

d) Multiply fractions in the numerator and denominator 
!
" (

$
#) = '('$#

$ (
$
#) = 1

e) Find a simplified fraction answer using GCF
'(÷$
'$÷$ = 

*
+

!
" ÷

#
$ = ?

Student Needs Chart 
Objective: Students will accurately divide fractions

Skills necessary to solve 
the problem

Missing skills with a student Accommodations or problem 
modifications

Set-up the problem 1 student – alignment 
(Abbigail)

Empty frames paper

Reciprocal of 
denominator fraction

2 students - basic 
understanding of fractions
(Erik, Francine)

Vocabulary opening and 
practice for students

Multiplication of 
fractions

4 students - computational 
skills
(Abbigail, Bobby, Carl, Devon)

Multiplication grid or familiar
numbers

Simplify answer by 
dividing GCF

4 students - computational 
skills
(Abbigail, Bobby, Carl, Devon)

Multiplication grid or familiar 
numbers

Dependent
Transitional
Independent but prior 
cueing

Formative Assessment Recording

Student Reorganize Reciprocal Identity Multiplication Equivalent
Fraction 
(Simplify)

Answer

Abbigail Empty 
frame

Multiplication 
Grid

Multiplicatio
n Grid

Bobby Multiplication 
Grid

Multiplicatio
n Grid

Carl Multiplication 
Grid

Multiplicatio
n Grid

Devon Multiplication 
Grid

Multiplicatio
n Grid

Erik Pretaught

Francine Pretaught

Dependent
Transitional
Independent but prior cueing
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Task Analysis Steps Example
Question. Determine the quadratic equation 
whose graph has x-intercepts 5 and -3 and vertex 
has a y-coordinate -8. 

Quadratics require what skills?
• Formulas
• Coordinators
• Distributive property
• Multiplication
• Equations when given x
• Like terms
• Substitution 

Individualized Intervention Approach:
Match skills with student needs and accommodations

Objective: Students will use three coordinates to write a quadratic equation

Skills necessary to 
solve the problem

Missing skills with a student Accommodations or problem 

modifications

Know the quadratic 
formula and vertex 
formula

8 students haven’t memorized the 

vertex or quadratic formula

Provide those who need with the vertex 

formula and show how it matches the 

standard formula

Coordinates on an 
ordinate plane 

1 student forgets positive and 

negative direction 

Provide positive and negative signs to cue 

direction

Distributive property 3 students forget steps when using 

the distributive property

Show a diagram with arrows to remind

Writing equations 
when given the 
answer (x=-7)

No students show this as a difficulty n/a

Combining like terms 1 student shows an issue with 

exponents

n/a with this problem

Multiplication 4 students are not consistently 

accurate

Use numbers of calculations that have 

been memorized

Substitution 3 students show difficulty with 

substitution

Color-code example

Student Formula
s

Ordinate 
Plane

Distribut
ive

Equation
s

Like 
Terms

Multiplic
ation

Substitut
ion

Answers Total

Ann Teacher 
Provided

Multiplic
ation 
sheet

6 out of 

6

Blake 8 out of 

8

Carla Teacher 
Cued

7 out of 

7

Dwyer Teacher 
Provided

5 out of 

7

Eduar
d

Teacher 
Provided

Teacher 
Cued

Color 
coded

5 out of 

5

Frank 8 out of 

8

Gwen Teacher 
Cued

5 out of 

7

How would these data set up your 
instruction and/or intervention?
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Your Turn
Choose a Math Standard
1) Review the task analysis.
2) Review your students. 

a) Who would have trouble with certain steps?
b) What will you do to prevent the difficulties?

3) Set-up a Formative Assessment Recording 
chart.

“It matters not so much 
where we are, but in what 
direction we are moving” 
- Oliver Wendell Holmes

Class Design
Instructional 

Station

Practice Station

Practice Station

Practice Station

Practice Station

Teacher
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Considerations with Station 
Teaching
• How to organize students to make groups of 

reasonable sizes
• Who starts at what station?
• Prepare practice activities for all stations 

except, possibly, the instructional station
• Teach students to get into groups and how to 

converse with each when there
• How long will each station last?
• Where will you show your modeling?

Examples of the Instructional Station

Implementation
• When is Station Teaching appropriate?
• How do you determine the content of the 

practice stations?
• Can you assign homework using this model 

design?
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3-2-1 Take Home
3 things you learned

2 things you can 
implement with ease

1 question you still 
have
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“Unless someone like you 
cares a whole awful lot, 
Nothing is going to get better. 
It's not.” 

Seuss


